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We study the influence of a constant axial magnetic field on the propagation of magnetoelastic compression 
waves from a cavity containing a magnetoaooustic medium with a jump of the surface force given at the 
wall. The problem is examined in [1] in the case in which there is a vacuum in the cavity and an ideal 
conductor outside, without any study of the effect of a magnetic field. 

H e r e  we e x a m i n e  the  p r o b l e m  f o r  bo th  weak  and  idea l  c o n d u c t i v i t i e s .  The  e q u a t i o n s  a r e  l i n e a r i z e d  and  

L a p l a c e  t r a n s f o r m e d .  A p p r o x i m a t e  a s y m p t o t i c  s o l u t i o n s  a r e  c o n s t r u c t e d  which  a r e  v a l i d  in  the  v i c i n i t y  of 
the  wave  f r o n t s .  T h e  s o l u t i o n s  a r e  s t u d i e d  a n a l y t i c a l l y  and n u m e r i c a l l y .  

1. If  we a s s u m e  t h a t  the  c o n d i t i o n s  of e l a s t i c  i s o t r o p i c i t y ,  g e o m e t r i c  and  e l a s t i c  l i n e a r i t y ,  and  i s o t r o p i c i t y  of the  
d i e l e c t r i c  and  m a g n e t i c  p e r m e a b i l i t i e s  a r e  s a t i s f i e d  fo r  a m a g n e t o e l a s t i c  m e d i u m ,  then  the  s y s t e m  of m a g n e t o e l a s t i c i t y  

e q u a t i o n s  i s  

GV~u + (~ + G) grad div u 0~u : Pc-~- - j  X B - - P e E - - F ,  (1.1) 

0D 0B 
r o t H = j + - g y ,  r o t E = - - ~ - ,  d i v B = 0 ,  d i v D = 9 ~ ,  (1.2) 

. t 0u B)  B ~tH, D = eE ( 1 . 3 )  J : ~ IE + - ~ -  )< , = 

U n d e r  a n a l o g o u s  a s s u m p t i o n s  the  e q u a t i o n s  of a m a g n e t o a o o u s t i c  m e d i u m  h a v e  the  f o r m  

o,I j~ B~ F~ (1.4) - -  grad p = 90 -3-/- - -  X - -  pe ~ E ~ - -  , 

09 
0~- + 9o div v = 0 , p = p ( p ) .  (1.5) 

T h e  s y s t e m  (1.4) ,  (1.5) i s  a l s o  s u p p l e m e n t e d  by  e q u a t i o n s  a n a l o g o u s  to (1.2),  (1.3).  

T h e  c o n s e r v a t i o n  l aws  l ead  to the  fo l l owing  b o u n d a r y  c o n d i t i o n s  at  the  i n t e r f a c e  of the  two m e d i a :  

0~t n Ot -- Un, ( ~ : +  Tik) n~= (6~a 27 Tia)  ni_~_ Q.~ (i, k = l ,  2, 3), (1.6) 

n . ( B - - B ~ ) = 0 ,  n • (H - -  H") = 0, n . ( D - - D a ) = 0 ,  r ~ •  (1.7) 

H e r e  

t (Ouj 2_ Oul~ %~ = c i ~ J z w S - \ ~  ' "-g~xj/' T~  = eEiE~ + I x H ~ H ~ - - + S i u ( e E  2 + ~tH 2) . 

In the  f o l l o w i n g  we a s s u m e  t h a t  t h e r e  a r e  no m a s s  f o r c e s  ( F = F  a = 0) o r  f r e e  e l e c t r i c a l  c h a r g e s  (Pc = Pe a = 0) in  
e i t h e r  of the  m e d i a .  In the  m a g n e t o e l a s t i c  m e d i u m  we a l s o  n e g l e c t  the d i s p l a c e m e n t  c u r r e n t s  (SD/St  = 0), and  we 
c o n s i d e r  t he  m a g n e t o a c o u s t i c  m e d i u m  to be  n o n c o n d u c t i n g  (aa  = 0) and  i s e n t r o p i c .  We r e p r e s e n t  the  m a g n e t i c  f i e l d  a s  t he  
s u m  of the  u n p e r t u r b e d  and  p e r t u r b e d  c o m p o n e n t s  H = H0 + h, w h e r e  ]hl << IHoI, w h i c h  p e r m i t s  l i n e a r i z a t i o n  of a l l  the 

e q u a t i o n s .  

Wi th  a c c o u n t  f o r  t h e s e  a s s u m p t i o n s ,  a f t e r  s o m e  t r a n s f o r m a t i o n s  we o b t a i n  f r o m  ( 1 . 1 ) - ( 1 . 3 )  f o r  the  

m a g n e t o e l a s t i c  m e d i u m  

02u 
GV 2 u -]- (~, + G) grad div u = pc ~ - -  V (rot h) X Ho , (1.8) 

Oh __ t _ V ~ h + r o t ( ~ _ ~ u  X Ho), d i v h = O ,  (1.9) 
Ot ~xc~ 
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and from (1.4) and (1.5) for the magnetoacoust ic  medium 

( w I 0 ~  1__ x ~  h~ 

Oe a Oh a O~ 
rot h a = s - b Y - ,  rote a = - l ~ 7 i - ,  v = - - g r a d %  P = P o - ~ - .  

(1.1o) 

(1.11) 

For  weak conductivity all the quanti t ies can be expanded in t e rms  of the smal l  magnetic Reynolds number  R m and 
we can re ta in  in the equations t e rms  of f i r s t  o rde r  of sma l lness  [2]. In this approximation the induced magnetic fields 
a re  quanti t ies of higher o rder  of smal lness  [3]. In this case the las t  t e rm in (1.8) and the f i r s t  equation of (1.9) take the 
form 

Ou ) izz Ou 
--t~r -5{X Ho X Ho, r o t h = ~ - - v  Ho. R m at "" 

(1.12) 

For  ideal conductivity the las t  t e rm in ( 1 . 8 ) ,  E q .  

- -  ~ [rot rot (u X Ho)] X Ho, 

(1.9), and the f i r s t  equation of (1.3) reduce to the form 

0u h = r o t ( u x H ~ ) ,  e = - - ~ - ~  X Ho. (1.13) 

2. Let us examine in the r,  O, z cyl indr ica l  coordinate system a magnetoelast ic  medium with a cy l indr ica l  cavity 
of radius  a, f i l led with a magnetoacoust ic  medium, subjected to the undis turbed magnet ic  field (0, 0, B0z) and the 
action on the cavity wall of the load Qr = -q0 s(t) '  where s(t) is the Heaviside function. 

Introducing d imens ion less  pa r ame te r s  by the formulas  

I (r, u~), t* (~*' ~'*) = -Z- = ~ - t ,  (v*, c*) = ~ (~, 0 ,  

i o ~ * =  q) , lq*=  h~ 

and dropping the as te r i sks ,  

ei P'm = ~ C e a ,  ]9tt = &H~ 
ei* = "l.tHoz c~ ' ~, + 2G 

we obtain f rom (1.10) and (1.11) in the region 0 < r < a  

o t o (2 .1 )  
-~ r Or Co ~ ~ r ~ + r Or c p  at~ ~ z 

Ohz a | aeoa l O ah~c' (2.2) 
Or cx ~ at ' r Or reaa = at 

From (1.8), (1.9), (1.12), (1.13) in the region a-< r _< ~ we obtain, for weak conductivity, that 

/a~ 1 a i )  (a  ~- a-~') ah, ou, 
l~ - -~  r~ 8, r u , =  ~ + R , ~ P H  u , ,  O r -  at (2.3) 

and for ideal conductivity that 

8"- 1 0 i ) i O"-u r 
,,-5~r 2 -~ 7 Or r~ u , . - -  i + P H  Ot~" ' 

hz I 0 Ou r 
r a r  r u t ,  e0 = ~ -  . (2.4) 

F rom (1.6) and (1.7) we find the l inear ized  boundary conditions at  the surface r = 1 (all the conditions other than 
those which a re  sat isf ied identical ly are presented) :  

Ou r ~. 
Or + ~'~--~ - u r =  

Oq~ Ou r - -  R . ~  h z = hz ~ . ( 2 . 6 )  
Or Ot ' 

In the case of ideal conductivity the las t  te rm in (2.5) and the second equation of (2.6) are  replaced by 
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a 

P H  (h  - -  ~ h ~ ee = eo ~. 

Moreove r ,  the unknown func t ions  m u s t  s a t i s fy  the r a d i a t i o n  condi t ions  and be bounded as  r ~ ~o. 

(2.7) 

Zero  in i t i a l  cond i t ions  a r e  a s s u m e d .  

We note  that  the f i r s t  equa t ions  in  (2.3) and (2.4), which con ta in  t e r m s  that  r e f l e c t  the in f luence  of the magne t i c  
f ie ld ,  a r e  independent ,  i. e . ,  the s y s t e m s  of equa t ions  in each  of the c o n s i d e r e d  a p p r o x i m a t i o n s  broke  down pa r t i a l l y .  
But  in  b o u n d a r y  condi t ions  (2 .5)- (2 .7)  the connec t i on  be tween  the e l a s t i c  and e l e c t r o m a g n e t i c  f ie lds  r e m a i n s .  

In the fol lowing we e x a m i n e  n o n m a g n e t i z a b l e  m e d i a  g = ga;  then the b o u n d a r y  condi t ions  s impl i fy .  We see  f rom 
cond i t ions  (2.5) and (2.6) that  in the ca se  of weak conduc t iv i ty  the connec t ion  be tween  the f ie lds  d i s a p p e a r s  in the 
b o u n d a r y  cond i t ions  as  well ,  i . e . ,  we can  d e t e r m i n e  independen t ly  the f ie ld  of the e l a s t i c  v a r i a b l e s  and then the 
e l e c t r o m a g n e t i c  f i e ld .  An analogous  s i m p l i f i c a t i o n  a lso  takes  p l ace  in  MHD [2]. We see  f r o m  (2.7) that for  ideal  
conduc t iv i ty  with g = ~a  the connec t ion  be tween  the f ie lds  r e m a i n s  in  the bounda ry  condi t ions .  

3. Equa t ions  (2 .1) - (2 .7)  a r e  Lap lace  t r a n s f o r m e d  

c o  

F (r, z) = I ] (r, t) exp ( - -  st) d~t, 
o 

The so lu t ions  in t r a n s f o r m  space ,  s a t i s fy ing  the boundary  and in i t i a l  cond i t ions ,  a r e  wr i t t en  in  the c a s e  of weak 

/o (xr / co) (0 < r < a) ,  r = qoco xall(z/co) 

K, (~r) qo [ ~ K x ' ( ~ r ) +  ~" l ] 
U r = - - q o ~ ,  Y+r= • ~,+2G r KI(Qr) 

(a ~<r..< ~)  . 

conduc t iv i ty  as  

(3.1) 

(3.2) 

He re  I0(z) i s  the modif ied  B e s s e l  func t ion  and Kl(z) is  the Macdonald  funct ion,  

~' 0 K~' (~) Io(• =l/~2+B,"Pux, A = T-4--~ + "" K--~7~ - - O o e o X ~ .  (3.3) 

In the c a s e  of ideal  conduc t iv i ty  

( O ~ r ~ a )  (a~<r~<oc) 

Io (xr / Co) U,, = qo /(1 (• 
�9 = - -  qoco • (• / co), ' ~ K1 (xtr) ' 

qo lo(• H ~ -  qo KI(Xl) Ko(xxr), 
H=~ ---- c, hill (• / cl) ' ] / ~  a, 

11 (ur / cl) Eo = " K, (• w 
Eo ~ = qo MI1 (~ / cl) ' ~o ~ ~ 1  (x l r~ ,  

K1 (• [-. r,- 2G t K1 (~lr)] 

(3.4) 

(3.5) 

w h e r e  

• 26 u l f ~  Ko(ul)  Io(•  z :o(•  

We note that in  the e x p r e s s i o n s  for  A and A 1, appea r ing  in (3.1)--(3.5), the f i r s t  and second t e r m s  c h a r a c t e r i z e  
the m a g n e t o e l a s t i c i t y ,  the th i rd  t e r m  c h a r a c t e r i z e s  the acous t i c s ,  and the four th  t e r m  c h a r a c t e r i z e s  the 
e l e c t r o m a g n e t i c  f ie ld  in the acous t i c  m e d i u m .  

It is  v e r y  d i f f icu l t  to c o n s t r u c t  the exact  t r a n s f o r m a t i o n  of the r e s u l t i n g  so lu t ions  with the aid of the R i e m a n n -  
Me l l i n  i n t eg ra l .  T h e r e f o r e ,  i n  the fol lowing we c o n s t r u c t  app rox im a te  a sympto t i c  so lu t ions  which a r e  val id  n e a r  the 
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f ront  of the magnetoe las t ic  wave. 

The cy l indr ica l  functions appearing in (3.1)-(3.5) a re  rep laced  by their  asymptot ic  r ep resen ta t ions  for  large  ~, 
in which two t e r m s  a re  re ta ined.  Retaining in (3.1)-(3.5) all t e rms  up to and including o rde r  1 / ~  and making es t ima tes  
of the dropped t e rms ,  we obtain the approximate  values of the t r ans fo rms ,  f rom which we then find the or iginals .  We 
p re sen t  the final express ions  for  the radia l  s t r e s s e s  Crrr. 

For  the weakly conducting medium 

ar..L.r . ~  e x p [ - - l h R t a P u ( r - -  t)] 

qo (t + poCo) F~ 
{ s [ t - - ( r - -  t)1 4- (Ao -}- A,r -1) [t - -  ( r - -  i)]}; for t > ( r - - l ) > O  

z,#qo = 0 fo r  t < ( ,--  i). (3 .6)  

For  the ideally conducting medium 

+ (z gt  A 
-{- PH 

( )]} , . _ ,  - -X+  t4a\ r A r - - i  f o r t >  - - I - > / 0 ;  r fo r  t <  ~fi_~p ~ . $,~_~-) eXpL-- ~ t - -  V ' - - 4 - ~  g i +  ~,, (3.7) 

Here 

8]s co - -  1/2 p0c0 e - -  ~/s -{- ~,/(~, -{- 2G) -5 z/2 RmR H 3 7 ~. 
A0 ~ 1 -~ 90c2 - -  Y co, AI  : 8 ~, -{- 2G 

A -~ + ~--4-~- -t- -V P~176 ( l +  4 

B = { / tmCPH "~- p0C0 - ~ - ~ 1  H" (3.8) 

Solution (3.6) was obtained with the asymptot ic  e r r o r  [t - -  (r - -  t)] ~ 3/8 e, where  e is the specif ied computational  
accuracy.  Solution (3.7) is valid in a v e r y  sma l l  v ic in i ty  of the wave front.  As I t - -  (r --  l)]--~0 in (3.6) and [ t - -  ( r - - i ) ] /  

] / i  -4- PH--->0 i n  (3.7), these solu t ions  become exact for  the wave fronts .  

4. Let  us inves t igate  the influence of the magnet ic  field on (~rr- We see  f rom (3.6) in the case  of weak 
conductivity that for  r > 1 with inc rease  of R m and PH the quantity k~rrl d e c r e a s e s  exponential ly.  Behind the wave front  
there  is some i n c r e a s e  of the s t r e s s e s ,  which follows f rom (3.8): the quantity A 0 inc reases  with inc rease  of RmP H. 

In the ideal conductivity case  we f i r s t  of all es t imate  the influence of the e lec t romagne t ic  field of the 
magnetoacoust ic  medium. In express ions  (3.8) for  A and B there  appear  the t e rms  l f i +  PH / cl and P~/~,, which we 
wr i te  in the fo rm c~ / ~1 l ~ n  and c~/c~p H and compare  with unity. Since the s t rong constant  magnet ic  fields which can 
be c rea ted  in l abora to ry  conditions at the p re sen t  t ime a re  of the o rde r  of 10 tes la  [4,5], these t e rms  will  be smal l  
quanti t ies  of h igher  o rde r .  This impl ies  that in the case  in question in an acoust ic  medium (or vacuum) we can neglect  
the d i sp lacement  cu r ren t s  if we a re  examining slow motions in the adjoining magnetoe las t ic  medium. 

In the case  of ideal conductivity,  i n c r e a s e  of PH leads to i n c r e a s e  of the wave front  propagation ve loc i ty  by a 
fac tor  of Vi  + p• and reduct ion of the wave front  ampli tude by a fac to r  of (B y ' ~ - l ;  we see  f rom (3.8) that the 
quantity B inc rea se s .  

The p r e sence  of the acoust ic  medium reduces  the s t r e s s e s  in both cases ,  which is a r e su l t  of i ts iner t ia l  and 
e las t ic  p roper t i e s .  

5. As examples  we examine a weakly conducting medium of the bismuth type with conductivity ~ which is 100 
t imes  l ess ,  so that the condition R m < 1 is sa t isf ied,  and an ideal ly conducting medium of the copper  type with 
conductivi ty a = oo. In the cavity there  is an acoust ic  medium with the p rope r t i e s  of water ;  the p a r a m e t e r s  a r e :  

in the f i r s t  case  (a) 

P o / P c =  0.i02, % / c  e =  0.663, v =  5.33; 

179 



in the second case (b) 

Po / Pc = 0.113, c o / c e =  0.333, cl / c e =  0.686.105, v = 0.34. 

The figure shows the radia l  s t r e s s e s  a r r ,  normal ized  in accordance with (3.6) and (3.7), at the wave fronts as a 
function of the dis tance r/a for the weakly and ideally conducting media.  The numera l s  0, 1, 2, 3 denote the values  
0, 0.1, 0.2, 0.3 of the ouant i t ies  R mPH or  PH" These values cor respond to s t rong constant  magnetic  fields which a re  
an~ higher  than those obtained in labora tor ies  [4, 5]. 

F a 
~ (b) 

/ Z J # /, 

6. Analys is  of solut ions (3.6) and (3.7) and the calculat ions makes it  possible  to draw the following conclusions:  

a) increase  of the magnet ic  field in tens i ty  H0z leads to reduction of I(rrrl at the wave front  in the case of both 
weak and ideal conductivity; 

b) behind the wave f ront  the magnetic field causes  a smal l  inc rease  of Jarrl in both cases;  

c) the d i sp lacement  cu r ren t s  in the acoustic medium (or in a vacuum) are  smal l  quanti t ies of higher order  if B -< 
-< 104 tesla  and in the adjacent  magnetoelas t ic  medium we examine processes  with veloci t ies  which do not exceed the 
velocity of expansion waves in the elast ic  medium; 

d) the p resence  of the acoustic medium in the cavity leads to a reduct ion of "Jarr[; 

e) the influence of the constant  magnetic field on the magnetoelast ic  s t r e s s e s  in nonmagnet izable media can be 
detected in supers t rong  magnetic  f ields B -> 102 tesla.  

In conclusion the author wishes to thank Ya. S. Uflyand for d iscuss ions  of cer ta in  questions.  
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